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Abstract
In this paper we investigate the vacuum densities for a massive scalar field with general curvature
coupling in background of a (2+1)-dimensional spacetime corresponding to a cylindrical tube with
a hemispherical cap. A complete set of mode functions is constructed and the positive-frequency
Wightman function is evaluated for both the cylindrical and hemispherical subspaces. On the
base of this, the vacuum expectation values of the field squared and energy-momentum tensor are
investigated. The mean field squared and the normal stress are finite on the boundary separating
two subspaces, whereas the energy density and the parallel stress diverge as the inverse power of the
distance from the boundary. For a conformally coupled field, the vacuum energy density is negative
on the cylindrical part of the space. On the hemisphere, it is negative near the top and positive close
to the boundary. In the case of minimal coupling the energy density on the cup is negative. On the
tube it is positive near the boundary and negative at large distances. Though the geometries of the
subspaces are different, the Casimir pressures on the separate sides of the boundary are equal and
the net Casimir force vanishes. The results obtained may be applied to capped carbon nanotubes
described by an effective field theory in the long-wavelength approximation.
PACS numbers: 03.70.+k, 04.62.+v, 11.10.Kk, 61.46.Fg
1 Introduction
There are a variety of reasons for the study of field theoretical effects in (2+1)-dimensional background
spacetimes. In addition to be simplified models in particle physics, (2+1)-dimensional theories exhibit
a number of features, such as parity violation, flavour symmetry breaking, fractionalization of quantum
numbers, that make them interesting on their own (see Refs. [1]-[7]). In three-dimensions, topologically
non-trivial gauge invariant terms in the action provide masses for the gauge fields. The topological
mass term introduces an infrared cutoff in vector gauge theories providing a way for the solution of the
infrared problem without changing the ultraviolet behavior [1]. Another motivation is related to the
connection of three-dimensional gauge theories to quantum chromodynamics in the high-temperature
limit [8]. In addition to their fundamental interest, three-dimensional field theoretical models appear
as effective theories for various systems of interest. In particular, in condensed matter physics they
include high temperature superconductors [9], graphene [10], and more recently, topological insulators
[11]. Three-dimensional topological insulators have conducting states on their boundary which are
∗E-mail: emello@fisica.ufpb.br
†E-mail: saharian@ysu.am
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protected by time-reversal symmetry and these states can be effectively described in terms of (2+ 1)-
dimensional Dirac fermions propagating on the boundary.
In graphene, the low-energy excitations of the electronic subsystem are described by an effective
Dirac theory with the Fermi velocity playing the role of speed of light (for a review see Ref. [10]). The
corresponding effective 3-dimensional relativistic field theory, in addition to Dirac fermions, involves
scalar and gauge fields originating from the elastic properties and describing disorder phenomena,
like the distortions of the graphene lattice and structural defects (see, for example, Ref. [12] and
references therein). For a flat graphene sheet the fields live on (2+1)-dimensional Minkowski spacetime.
Single-wall cylindrical carbon nanotubes are obtained by rolling the graphene sheet into a cylindrical
shape. Though the background spacetime remains flat, the spatial topology is changed to R1 × S1.
Another class of graphene made structures, toroidal carbon nanotubes with the topology S1×S1, are
obtained by the further compactification of a cylindrical tube along its axis. One-loop quantum
effects in the corresponding Dirac-like theory, induced by non-trivial topology of graphene made
cylindrical and toroidal nanotubes, have been recently studied in Refs. [13]. The finite temperature
effects on the fermionic condensate and current densities in these geometries are discussed in [14].
In reality, the cylindrical nanotubes have a finite length. The end of a nanotube can either be
open or closed by hemispherical or conical caps [15]. For an open tube, the presence of the edges
imposes boundary conditions on the electron wave function ensuring a zero flux through the edges.
These boundary conditions give rise to the Casimir effect (for reviews of the Casimir effect and its
applications in nanophysics see [16, 17]) for the expectation values of physical observables in effective
(2+ 1)-dimensional Dirac theory. The corresponding Casimir energy, forces and the vacuum densities
are investigated in [18].
Continuing in this line of investigations, in the present work we consider a background geometry
corresponding to a semi-infinite tube with a hemispherical cap. In this background one has two spatial
regions with different geometrical properties separated by a circular boundary. The geometry of one
region affects the properties of the quantum vacuum in the other region. This is a gravitational
analog of the electromagnetic Casimir effect with boundaries separating the regions having different
electromagnetic properties. Previously, we have considered examples of this type of gravitationally
induced effects for a cosmic string with a cylindrically symmetric core with finite support [19] and
for a global monopole with a spherically symmetric core [20]. In these works the general results were
specified for the ’ballpoint pen’ model [21], with a constant curvature metric of the core, and for
the ’flower pot’ model [22] with an interior Minkowskian spacetime. More recently various types of
background geometries separated by a spherical boundary have been discussed in [23]. The vacuum
expectation values of the field squared and the energy-momentum tensor induced in anti-de Sitter
spacetime by a Z2-symmetric brane with finite thickness are evaluated in [24]. In the corresponding
problem the boundaries separating different spatial regions are plane symmetric.
In the present paper we evaluate the two-point function and the vacuum expectation values (VEVs)
of the field squared and energy-momentum tensor for a scalar field in a (2 + 1)-dimensional geometry
of a hemisphere capped tube. These VEVs are among the most important characteristics of the
vacuum state. In particular, the normal stress evaluated at the boundary separating the cylindrical
and hemispherical subspace determines the Casimir force. The organization of the paper is as follows.
In the next section, the geometry of the problem is presented and a complete set of normalized mode
functions is constructed for a scalar field with general curvature coupling. The positive frequency
Wightman function on both the cylindrical and hemispherical subspaces are evaluated in section 3.
The parts induced by the coexisting geometries are explicitly separated. The VEV of the field squared
is investigated in section 4. Various asymptotics are discussed and numerical results are presented.
The corresponding analysis for the VEV of the energy-momentum tensor and for the Casimir pressure
is presented in section 5. The main results of the paper are summarized in section 6. In appendix
A we prove the identity involving the associated Legendre functions that is used for the evaluation
of the Wightman function on the hemispherical cap. In appendix B expressions are derived for
2
the renormalized VEVs of the field squared and energy-momentum tensor on S2 for general case of
curvature coupling.
2 Geometry and the mode functions
The geometry we want to consider in this analysis is a (2 + 1)-dimensional spacetime corresponding
to a semi-cylindrical surface with topology S1 × R1, capped by a hemisphere (see figure 1). The
coordinates covering all the manifold will be denoted by (x0 = t, x1, x2), where 0 6 x2 6 L, being L
the length of the compact dimension in the semi-cylinder subspace. The definition of x1 is in according
with the submanifold. The metric tensor associated with each subspace is specified by the following
line elements:
• For the hemisphere we have
ds2 = dt2 − (dx1)2 − sin2(x1/a)(dx2)2, (2.1)
where 0 6 x1 6 πa/2, with a = L/(2π) being the radius.
• For the semi-cylinder we have
ds2 = dt2 − (dx1)2 − (dx2)2, (2.2)
where πa/2 6 x1 <∞.
Note that the coordinate x1 measures the distance from the top of the hemisphere.
Figure 1: Cylindrical tube with a hemisphere cap.
In addition to the spatial coordinates (x1, x2) we shall use the angular coordinates (θ, φ) defined
as
θ = x1/a, φ = x2/a, 0 6 φ 6 2π. (2.3)
The angle φ is the standard azimuthal one with the range [0, 2π]; as to θ it is the usual polar angle
on the hemisphere, on which 0 6 θ 6 π/2 and θ = 0 corresponds to the top of the hemisphere. On
the semi-cylinder its range is π/2 6 θ <∞. The circle θ = π/2 corresponds to the boundary between
the two geometries (2.1) and (2.2) (circle in figure 1). In the coordinates (t, θ, φ) the metric tensor is
given by the expressions:
gik =
{
diag(1,−a2,−a2 sin2 θ), 0 6 θ 6 π/2,
diag(1,−a2,−a2), π/2 6 θ <∞. (2.4)
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The metric tensor and its first derivatives are continuous at θ = π/2. So there is no need to introduce
an additional ”surface” energy-momentum tensor located on the boundary. In the region 0 6 θ < π/2,
for the components of the Ricci tensor and for the curvature scalar one has
R00 = 0, R
k
i = a
−2δki , R = 2a
−2, i, k = 1, 2. (2.5)
In the region π/2 < θ <∞ the spacetime is flat. Note that the extrinsic curvature tensor vanishes for
both sides of the boundary.
Let us consider a massive quantum scalar field, ϕ(x), with an arbitrary curvature coupling pa-
rameter, ξ, on background of the geometry described by the metric tensor (2.4). The corresponding
equation of motion reads
(gik∇i∇k +m2 + ξR)ϕ(x) = 0. (2.6)
The most important special cases correspond to minimally (ξ = 0) and conformally (ξ = 1/8) coupled
fields. The hemisphere cap will change the properties of the scalar vacuum on the cylindrical part of
the space compared with the case of an infinite tube. Similarly, the cylindrical geometry will induce
changes in the VEVs of physical observables on the hemisphere, when compared to the case of the
spherical geometry S2. These changes can be referred as geometrically induced Casimir densities. In
the problem under consideration, the only interaction of the field is with the background geometry
and all the properties of the quantum vacuum may be deduced from two-point functions. Here we will
evaluate the positive-frequency Wightman function. The consideration of other two-point functions
is similar. For the evaluation of the Wightman function we shall follow the direct mode-summation
approach. In this approach a complete set of normalized mode functions, {ϕσ(x), ϕ∗σ(x)}, is required.
Here we have denoted by σ the set of quantum numbers specifying the mode functions.
In accordance with the symmetry of the problem, the mode functions can be presented in the
factorized form as,
ϕα(x) = f(θ)e
inφ−iωt, n = 0,±1,±2, . . . (2.7)
Substituting this expression into (2.6) we get the equation for the function f(θ). In the cylindrical
part, the solution of the equation is given by
f(θ) = Cc cos[p (θ − π/2) − α], (2.8)
with constants Cc and α, and
p =
√
ω2a2 − n2 −m2a2. (2.9)
Here we assume that p > 0 . The allowance of bound states with purely imaginary p will be discussed
below.
On the hemisphere, the equation for the function f(θ) reads[
1
sin θ
∂θ (sin θ∂θ)− n
2
sin2 θ
+ ω2a2 −m2a2 − 2ξ
]
f(θ) = 0. (2.10)
The solution of this equation, regular at θ = 0, is given in terms of the associated Legendre function
of the first kind (for the properties of the associated Legendre functions Pµν (x) and Q
µ
ν (x) on the cut
−1 < x < 1 see [25]):
f(θ) = CsP
−|n|
λ−1/2(u), u = cos θ, (2.11)
where
λ =
√
ω2a2 − ω2m. (2.12)
with the notation
ωm =
√
m2a2 + 2ξ − 1/4. (2.13)
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Note that, because of the property P
−|n|
−λ−1/2(u) = P
−|n|
λ−1/2(u), the both signs of the square root in (2.12)
lead to the same solution.
The solutions (2.8) and (2.11) contain three constants. One of them is determined by the normal-
ization condition and the remaining two are determined from the matching conditions for the field and
for its normal derivative at θ = π/2. In the problem under consideration the derivatives of the metric
tensor are continuous at the boundary and, hence, the Ricci scalar in (2.6) does not contain delta
function terms. As a consequence of this, both the field ϕ(x) and its derivative ∂θϕ(x) are continuous
at θ = π/2. From these conditions we get
e−2iα =
pP
−|n|
λ−1/2 + iP
−|n|′
λ−1/2
pP
−|n|
λ−1/2 − iP
−|n|′
λ−1/2
, (2.14)
for the phase in (2.8), and the relation
Cs =
pCc√
(pP
−|n|
λ−1/2)
2 + (P
−|n|′
λ−1/2)
2
, (2.15)
for the normalization coefficients. In these expressions we have introduced the notations
P
−|n|
λ−1/2 = P
−|n|
λ−1/2(0), P
−|n|′
λ−1/2 = ∂uP
−|n|
λ−1/2(u)|u=0. (2.16)
The expressions for P
−|n|
λ−1/2 and P
−|n|′
λ−1/2 in terms of the gamma function are given in [25]. By using the
formula sin(πz)Γ(z) = π/Γ(1− z) we get simpler representations:
P
−|n|
λ−1/2 =
2−|n|
√
π
Γ ((|n|+ λ+ 3/2) /2) Γ((|n| − λ+ 3/2) /2) ,
P
−|n|′
λ−1/2 = −
21−|n|
√
π
Γ ((|n|+ λ+ 1/2) /2) Γ((|n| − λ+ 1/2) /2) . (2.17)
So, the mode functions (2.8) and (2.11) are specified by the set of quantum numbers σ = (p, n).
The constant Cc is determined by the normalization condition∫ ∞
0
dθ
∫ 2pi
0
dφ
√
|g|ϕσ(x)ϕ∗σ′(x) =
δnn′
2ω
δ(p − p′). (2.18)
For p′ = p the integral over θ is divergent and the dominant contribution comes from the large values
of θ. In this case, in order to determine Cc, it is sufficient to consider the part in the integral over the
cylindrical geometry, θ > π/2. In this way we find
|Cc|2 = 1
2π2a2ω
. (2.19)
Now, the mode functions with the continuous energy spectrum are written as
ϕσ(x) = CsP
−|n|
λ−1/2(cos θ)e
inφ−iωt, 0 6 θ 6 π/2, (2.20)
ϕσ(x) = Cc cos[p (θ − π/2) − α]einφ−iωt, π/2 6 θ <∞, (2.21)
where 0 6 p <∞ and Cs is given by (2.15).
We can have also bound states for which p is pure imaginary, p = iη with η > 0. From the stability
of the vacuum one has ω2 > 0 and from (2.9) we obtain η 6 ma. For the bound states the solution in
the part of the cylindrical geometry has the form
ϕbσ(x) = Cbce
−ηθ+inφ−iωt. (2.22)
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On the cup the corresponding solution is given by (2.20) with Cs replaced by a new constant Cbs.
From the continuity of the mode functions and their first derivatives at θ = π/2 one gets the equation
P
−|n|′
λ−1/2 − ηP
−|n|
λ−1/2 = 0, (2.23)
where
λ =
√
n2 − η2 − 2ξ + 1/4. (2.24)
Now, by using the relation
P
−|n|′
λ−1/2 =
−1/P−|n|λ−1/2
Γ(|n|+ λ+ 1/2)Γ(|n| − λ+ 1/2) , (2.25)
which directly follows from (2.17), the equation for the bound states is rewritten as
1
Γ(|n|+ λ+ 1/2)Γ(|n| − λ+ 1/2) + η(P
−|n|
λ−1/2)
2 = 0. (2.26)
For purely imaginary λ the lhs of the above expression is always positive and we conclude that in this
case there are no bound states. The same is true in the case 0 6 λ 6 |n| + 1/2. Hence, the bound
states may be present in the case λ > |n| + 1/2 only. Combining this with (2.24), we conclude that
the bound states may exist under the condition ξ < −|n|/2 only. In particular, there are no bound
states for minimally and conformally coupled fields. In what follows we assume that ξ > 0 and, hence,
the bound states are absent.
3 Two-point function
Having the complete set of normalized mode functions (2.20) and (2.21), we can evaluate any of two-
point functions for a scalar field. In particular, for the positive frequency Wightman function one has
the mode-sum formula
W (x, x′) =
+∞∑
n=−∞
∫ ∞
0
dpϕσ(x)ϕ
∗
σ(x
′). (3.1)
First we consider the region π/2 < θ < ∞ corresponding to the part of the space with cylindrical
geometry.
3.1 Cylindrical geometry
Substituting the corresponding mode functions from (2.21) into (3.1) and using the expression for α,
given by (2.14), the Wightman function is presented in the form
W (x, x′) = W0(x, x′) +
1
L2
∞∑′
n=0
cos(n∆φ)
∫ ∞
0
dp
×e
−iω∆t
ω
∑
s=±1
esip(θ+θ
′−pi)pP
−n
λ−1/2 + siP
−n′
λ−1/2
pP−nλ−1/2 − siP−n′λ−1/2
, (3.2)
where ∆φ = φ− φ′, ∆t = t− t′, ω is expressed in terms of p by using (2.9), and the prime on the sign
of the sum means that the term n = 0 should be taken with the coefficient 1/2. In (3.2),
W0(x, x
′) =
2
L2
∞∑′
n=0
cos(n∆φ)
∫ ∞
0
dp cos(p∆θ)
e−iω∆t
ω
, (3.3)
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with ∆θ = θ − θ′, is the Wightman function for an infinite tube described by the line element (2.2)
for −∞ < θ < +∞. By using the Abel-Plana summation formula (see, for instance, [16, 26]) for the
series over n in (3.3), this function can be presented in the form
W0(x, x
′) =
1
4πa
∞∑
l=−∞
e−ma
√
(∆θ)2+(∆φ+2pil)2−(∆t/a)2√
(∆θ)2 + (∆φ+ 2πl)2 − (∆t/a)2
. (3.4)
In this representation, the l = 0 term is the Wightman function for Minkowski spacetime with spatial
topology R2. The formula (3.4) presents the Wightman function for an infinite tube as an image sum
of the Minkowskian functions.
The second term in the rhs of (3.2) is induced by the hemisphere cap. For the further transformation
of this part, under the condition θ + θ′ > π + ∆t/a, we rotate the integration contour over p by the
angle π/2 for the term with s = +1 and by the angle −π/2 for the term with s = −1. The integrals
over the intervals (0, ima) and (0,−ima) cancel out and, after some transformations, one finds
W (x, x′) = W0(x, x′) +
1
2π2a
∞∑′
n=0
cos(n∆φ)
∫ ∞
ma
dy y
×cosh(
√
y2 −m2a2∆t/a)√
y2 −m2a2
e−
√
y2+n2(θ+θ′−pi)√
y2 + n2
fn(y). (3.5)
Here we have introduced the notation
fn(y) =
√
y2 + n2P−niz(y)−1/2 + P
−n′
iz(y)−1/2√
y2 + n2P−niz(y)−1/2 − P−n′iz(y)−1/2
, (3.6)
with
z(y) =
√
y2 + 2ξ − 1/4. (3.7)
Note that the function z(y) can be either real or purely imaginary. In both cases the function P−niz(y)−1/2
is real. For ξ > 0 the function in the denominator of (3.6) is positive. Unlike to the oscillating integrand
in (3.2), the integrand in (3.5), under the condition mentioned above, is exponentially decreasing near
the upper limit of the integration and the representation (3.5) is well adapted for the evaluation of
the VEVs in the coincidence limit.
3.2 Hemisphere cap
In this subsection we consider the two-point function on the hemispherical cap (for the zeta function
and heat kernel coefficients on Riemann caps see [27]). From the mode-sum formula (3.1) with the
mode functions from (2.20), for the Wightman function on the hemisphere cap, one has
W (x, x′) =
4
L2
∞∑′
n=0
cos(n∆φ)
∫ ∞
0
dp p2
P−nλ−1/2(cos θ)P
−n
λ−1/2(cos θ
′)
(pP−nλ−1/2)
2 + (P−n′λ−1/2)
2
e−iω∆t
ω
, (3.8)
with 0 6 θ, θ′ < π/2 and λ is given by (2.12). Our interest in this paper is the effects on the sphere,
induced by the cylindrical geometry, in the region θ > π/2. In order to explicitly extract from (3.8)
the part induced by this geometry, we note that the denominator in the integrand of (3.8) is equal to
P¯
+,−|n|
λ−1/2 (0)P¯
−,−|n|
λ−1/2 (0), where the notations with bars are defined by the relation (A.3) in the appendix
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A. By using the identity (A.8) with θ = π/2, the function (3.8) is expressed as
W (x, x′) =
i
L2
∞∑′
n=0
(−1)n cos(n∆φ)
∫ ∞
0
dp p
e−iω∆t
ω
×P−nλ−1/2(cos θ)Pnλ−1/2(cos θ′)
∑
j=+,−
j
S¯j,−nλ−1/2(0)
P¯ j,−nλ−1/2(0)
, (3.9)
where the functions S¯j,−nλ−1/2(x) are defined by the expressions (A.9) and (A.10) in appendix A and we
have used the relation [25]
P−nλ−1/2(u) = (−1)n
Γ (λ− n+ 1/2)
Γ (λ+ n+ 1/2)
Pnλ−1/2(u). (3.10)
Note that the integrand in (3.9) is an even function of λ.
The expressions for S−nλ−1/2(0) and S
−n′
λ−1/2(0), entering in (3.9), in terms of the gamma function are
found by using the corresponding expressions for Q−nλ−1/2(0) and Q
−n′
λ−1/2(0) from [25]. The latter can
be written as
Q−nλ−1/2(0) = −
π
2
tan [π(λ− n− 1/2)/2] P−nλ−1/2,
Q−n′λ−1/2(0) =
π
2
cot [π(λ− n− 1/2)/2] P−n′λ−1/2, (3.11)
with P−nλ−1/2 and P
−n′
λ−1/2 given in (2.17). By using these relations, we can see that
S−nλ−1/2(0) = π(−1)n
P−nλ−1/2
cos(πλ)
,
S−n′λ−1/2(0) = −π(−1)n
P−n′λ−1/2
cos(πλ)
. (3.12)
By taking into account that in the complex plane p and under the condition π− θ− θ′−∆t/a > 0,
the integrand of (3.9) exponentially decreases for |Im p| → ∞, we rotate the integration contour over
p by the angle π/2 (−π/2) for the term with j = + (j = −). Note that, though the integrand in (3.9)
has no poles on the real axis, this is not the case for separate terms in the sum over j. By taking into
account the relation (A.11), we see that the separate terms have poles at the zeros of the function
cos(λπ). In the integral over p we will shift the integration contour by a small amount ǫ > 0 assuming
that the integration goes over the half-line [0− iǫ,∞− iǫ). Now, in the rotation for the j = + term, we
note that the integrand has poles at the zeros of the function cos(λπ) and the corresponding residues
should be included. After the rotation of the contours, the integrals over the regions (0, i
√
n2 +m2a2)
and (0,−i√n2 +m2a2) cancel out. In this way, by using the relations (3.12), from (3.9) one gets
W (x, x′) = WS2(x, x
′)− 1
L
∞∑′
n=0
cos(n∆φ)
∫ ∞
ma
dy
yfn(y)
cosh(πz(y))
×P−niz(y)−1/2(cos θ)Pniz(y)−1/2(cos θ′)
cosh(
√
y2 −m2a2∆t/a)√
y2 −m2a2
, (3.13)
where the functions fn(y) and z(y) were already defined by the relations (3.6) and (3.7). The first term
in the rhs of (3.13) comes from the residues at the zeros of the function cos(λπ) and coincides with
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the Wightman function for a scalar field on the sphere S2 (see the appendix B). After the summation
over n by using the formula [25]
+l∑
n=−l
(−1)|n|P−|n|l (cos θ)P |n|l (cos θ′)ein∆φ = Pl(cos γ), (3.14)
this function is expressed as
WS2(x, x
′) =
a−2
8π
∞∑
l=0
2l + 1
ωl
e−iωl∆tPl(cos γ). (3.15)
In this formula, Pl(z) is the Legendre polynomial and
ωl = a
−1√l(l + 1) +m2a2 + 2ξ,
cos γ = cos θ cos θ′ + sin θ sin θ′ cos(∆φ). (3.16)
When compared with (3.9), the representation (3.13) has two important advantages. First of all,
the part describing the effects induced by the cylindrical tube is explicitly extracted. In this way, for
points away from the boundary θ = π/2, the renormalization of the VEVs in the coincidence limit
is reduced to the one for the geometry S2. And second, under the condition π − θ − θ′ −∆t/a > 0,
the integrand in the tube-induced part of (3.13) exponentially decreases near the upper limit of the
integration. This is important in the numerical evaluation of the local VEVs in the coincidence limit.
4 Mean field squared
Formally the VEV of the field squared is obtained from the Wightman function by taking the co-
incidence limit of the arguments. However, this procedure results in a divergent quantity and some
renormalization procedure is needed to provide a well defined finite value. We shall consider the
cylindrical and hemisphere parts separately.
Let us start with the part of the geometry corresponding to the cylindrical tube. In this sub-
space the spacetime is flat and the renormalization is reduced to the subtraction from the VEVs the
corresponding VEVs in (2 + 1)-dimensional Minkowski spacetime with trivial topology. The latter is
given by the l = 0 term in (3.4). Omitting this term and using the expression (3.5) for the Wightman
function, the renormalized VEV of the field squared is expressed in the form
〈ϕ2〉 = 〈ϕ2〉0 + 1
πL
∞∑′
n=0
∫ ∞
ma
dy
× yfn(y)√
y2 −m2a2
e−
√
y2+n2(2θ−pi)√
y2 + n2
, (4.1)
for θ > π/2. Here
〈ϕ2〉0 = − 1
2πL
ln(1− e−Lm), (4.2)
is the VEV for an infinite tube and the second term in the rhs is induced by the cap. Note that for a
massless field the VEV contains infrared divergences.
For large values of n and y, by using the asymptotic formula for the gamma function for large
values of the argument, we can see that to the leading order
fn(y) ≈ (y
2 + n2) (1− 4ξ)− n2
8(y2 + n2)2
. (4.3)
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From here it follows that the cap-induced part in (4.1) is finite for all values of π/2 6 θ <∞, including
the points on the boundary θ = π/2. At large distances from the tube edge, a(θ − π/2) ≫ 1/m, the
dominant contribution to the integral in (4.1) comes from the region near the lower limit and to the
leading order we get
〈ϕ2〉 ≈ 〈ϕ2〉0 + f0(ma)e
−ma(2θ−pi)
4L
√
πma(θ − π/2) . (4.4)
In this limit the cap-induced contribution is exponentially small. The expression (4.4) describes also
the behavior of the cap-induced part in the limit of large values for the tube radius with fixed value
of θ − π/2. Note that in this limit one has 〈ϕ2〉0 ≈ e−Lm/(2πL) and for θ < 3π/2 the total VEV is
dominated by the cap-induced contribution.
It will be interesting to compare the expressions for the hemisphere capped tube with the corre-
sponding results for a semi-infinite (si) tube with Dirichlet or Neumann boundary conditions at the
edge θ = π/2. The Wightman function and the VEV of the field squared in the latter geometry
are obtained from (3.5) and (4.1) by the replacement fn(y) → ∓1, where the upper and lower signs
correspond to Dirichlet and Neumann boundary conditions, respectively. With this replacement, after
the integration over y, we get
〈ϕ2〉si = 〈ϕ2〉0 ∓ 1
πL
∞∑′
n=0
K0((2θ − π)
√
n2 +m2a2), (4.5)
where Kν(x) is the MacDonald function. The second term in the rhs of (4.5) is induced by the
edge of the tube. For Neumann boundary condition the VEV (4.5) is positive, whereas for Dirichlet
boundary condition it is negative near the edge and positive at large distances. For points close to
the boundary, the contribution of large n dominates in (4.5) and, to the leading order, the summation
can be replaced by the integration. In this way, we see that for a semi-infinite tube with Dirichlet or
Neumann boundary conditions the VEV of the field squared diverges on the boundary as 1/(2θ − π).
In the part of the geometry corresponding to the hemisphere cap we use the expression (3.13) for
the Wightman function. In the coincidence limit this gives
〈ϕ2〉 = 〈ϕ2〉S2 −
1
L
∞∑′
n=0
∫ ∞
ma
dy
ygn(y)√
y2 −m2a2
[P−niz(y)−1/2(cos θ)]
2
cosh[πz(y)]
, (4.6)
where θ < π/2 and we have introduced the notation
gn(y) = (−1)nΓ(iz(y) + n+ 1/2)
Γ(iz(y) − n+ 1/2)fn(y)
=
√
y2 + n2Pniz(y)−1/2 + P
n′
iz(y)−1/2√
y2 + n2P−niz(y)−1/2 − P−n′iz(y)−1/2
. (4.7)
The renormalization is reduced to that for the first term in the rhs, corresponding to the geometry
S2. The expression for the renormalized 〈ϕ2〉S2 is derived in the appendix B. The second term in
the rhs of (4.6) is induced by the cylindrical tube. For large values of y the function P−niz(y)−1/2(cos θ)
behaves as eyθ, and the integrand in (4.6) decays as e−y(2θ−pi) for θ < π/2. By taking into account the
asymptotic expression (4.3), we see that the tube-induced part is finite at the boundary, θ = π/2.
In figure 2 we have plotted the renormalized mean field squared as a function of θ in hemispherical
(left panel) and cylindrical (right panel) regions for minimally and conformally coupled field (the
numbers near the curves are the values of the curvature coupling parameter ξ). The graphs are
plotted for ma = 1/2. The dashed curves present the renormalized VEV of the field squared on S2
(left panel) and on an infinite tube (right panel). In the cylindrical part, the VEV 〈ϕ2〉0 does not
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Figure 2: Renormalized VEV of the field squared on the hemisphere cap (left panel) and on the
cylindrical tube (right panel) for minimally and conformally coupled scalar fields. The numbers
near the curves are the values of the curvature coupling parameter ξ and the graphs are plotted for
ma = 1/2. The dashed curves display the renormalized VEVs on S2 (left panel) and on an infinite
tube (right panel).
depend on the curvature coupling. On the hemispherical cap, the tube-induced contribution in the
VEV of the field squared is negative for both the minimal and conformal couplings, whereas on the
tube the cap-induced parts are positive.
As is seen from fig 2, though the Wightman function is continuous at the boundary, the renormal-
ized VEV of the field squared is not continuous. The reason for this is that in the renormalization
procedure for separate regions of tube and hemisphere we have subtracted different terms. In the
tube part of the geometry the subtracted term coincides with the corresponding VEV in Minkowski
spacetime, whereas on the hemisphere, in addition to the Minkowskian term, we have also subtracted a
finite renormalization term (1/6− ξ)/(4πma2). We have numerically checked that the VEV evaluated
by the minimal subtraction scheme (on the hemisphere the Minkowskian part is subtracted only),
〈ϕ2〉min = 〈ϕ2〉+ (1/6 − ξ)/(4πma2), is continuous on the boundary.
5 Energy-momentum tensor and the Casimir force
In this section, we shall study the vacuum energy-momentum tensor and the Casimir force for the
system under consideration. Given the Wightman function and the VEV of the field squared, the
VEV of the energy-momentum tensor is evaluated by using the formula
〈Tik〉 = lim
x′→x
∂i′∂kW (x, x
′) + [(ξ − 1/4) gik∇p∇p − ξ∇i∇k − ξRik] 〈ϕ2〉, (5.1)
where Rik is the Ricci tensor. In the rhs of this formula we have used the expression for the energy-
momentum tensor of a scalar filed which differs from the standard expression [28] by the term which
does not contribute to the VEVs (see [29]).
5.1 Casimir densities on the tube
On the tube, π/2 < θ < ∞, the off-diagonal components of the vacuum energy-momentum tensor
vanish and the diagonal components are decomposed as (with no summation over l)
〈T ll 〉 = 〈T ll 〉0 −
a−3
2π2
∞∑′
n=0
∫ ∞
ma
dy
yfn(y)√
y2 −m2a2
e−
√
y2+n2(2θ−pi)√
y2 + n2
F (l)n (y), (5.2)
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where the first term in the rhs corresponds to the geometry of an infinite tube and the second term is
induced by the hemisphere cap. For the functions in the latter one has F
(1)
n (y) = 0 and
F (0)n (y) = 4ξ
(
y2 + n2
)− n2 −m2a2,
F (2)n (y) = (4ξ − 1)
(
y2 + n2
)
+ n2. (5.3)
Hence, the cap-induced contribution to the vacuum stress normal to the boundary vanishes on the
tube. This result could be obtained by general arguments, based on the covariant conservation equation
∇k〈T ki 〉 = 0. From the symmetry of the problem it follows that the cap-induced part depend only on
the coordinate θ and this equation is reduced to a single constraint ∂θ〈T 11 〉c = 0, where 〈T 11 〉c is the
cap-induced part (second term in the rhs of (5.2)). Now, from the condition 〈T 11 〉c → 0 for θ →∞ it
follows that 〈T 11 〉c = 0.
The part of the VEV corresponding to an infinite tube does not depend on the curvature coupling
parameter and is expressed as (no summation over l):
〈T ll 〉0 =
F (l)(mL)
2πL3
, (5.4)
where we have introduced the notations
F (0)(x) = F (1)(x) = −Li3(e−x)− xLi2(e−x),
F (2)(x) = 2Li3(e
−x) + 2xLi2(e−x)− x2 ln(1− e−x), (5.5)
with Lij(x) =
∑∞
n=1 x
n/nj being the polylogarithm function. For a massless field one has (for the
Casimir effect in topologically nontrivial three-dimensional spacetimes see [16])
〈T 00 〉0 = 〈T 11 〉0 = −
1
2
〈T 22 〉0 = −
ζ(3)
2πL3
, (5.6)
where ζ(s) is the Riemann zeta function. For a massive field and for large values of the tube radius,
mL≫ 1, to the leading order we get
〈T 00 〉0 ≈
−1
mL
〈T 22 〉0 ≈ −
me−Lm
2πL2
. (5.7)
As an additional check we can see that both the cylindrical and cap-induced parts obey the trace
relation
〈T ll 〉 = 2 (ξ − 1/8)∇l∇l〈ϕ2〉+m2〈ϕ2〉. (5.8)
Unlike to the VEV of the field squared, the energy density and the stress 〈T 22 〉 in (5.2) diverge
on the boundary θ = π/2. These divergences come from the cap-induced part. In order to find the
leading terms in the corresponding asymptotic expansions, we note that for points near the boundary
the dominant contribution to the cap-induced part in (5.2) comes from large values of n and y. By
taking into account (4.3), to the leading order we get (no summation over l)
〈T ll 〉 ≈
2ξ (4ξ − 1) + (l + 1)/16
16π(2θ − π)a3 , (5.9)
with l = 0, 2. For both minimally and conformally coupled fields the parallel stress is positive near
the boundary, whereas the energy density is positive for a minimally coupled field and negative for
the conformal coupling.
At large distances from the edge of the tube and for a massive field, a(θ − π/2) ≫ 1/m, the
dominant contribution to the cap-induced part in (5.2) comes from the term n = 0 and from the
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region of the integration near the lower limit. To the leading order we find (no summation over
l = 0, 2)
〈T ll 〉 ≈ 〈T ll 〉0 −
4ξ − 1
4π2a3
(ma)3/2f0(ma)√
2(2θ/π − 1) e
−ma(2θ−pi), (5.10)
and the VEV is exponentially small. For a massless field, at large distances, θ − π/2 ≫ 1, one has a
power-law decay (no summation over l = 0, 2):
〈T ll 〉 ≈ 〈T ll 〉0 +
a−3
4π2
4ξ − δ2l
(2θ − π)2 . (5.11)
For a semi-infinite tube with Dirichlet or Neumann boundary conditions on its edge, θ = π/2,
the VEV of the energy-momentum tensor is obtained from (5.2) with the replacement fn(y) → ∓1,
where the upper and lower signs are for Dirichlet and Neumann conditions, respectively. In this case,
the integral over y is expressed in terms of the MacDonald functions K0(x) and K1(x) with the same
argument as in (4.5). Near the boundary and for non-conformally coupled fields the leading terms in
the energy density and the parallel stress behave like 1/(2θ− π)3. As we see, the divergences here are
stronger than those in the problem under consideration.
In figure 3 we have displayed the components of the vacuum energy-momentum tensor on the tube
as functions of the distance from the boundary θ = π/2. The numbers near the curves correspond
to the value of the index l. The left/right panels correspond to conformally/minimally coupled scalar
fields. The dashed curves present the same quantities in the geometry of an infinite tube (recall that
they do not depend on the curvature coupling parameter). The graphs are plotted for ma = 1/2. For
a conformally coupled field the cap-induced part is positive for the energy density and negative for
the 22-stress. For a minimally coupled field the cap-induced contributions are positive for both these
components. The cup-induced contribution in the 11-stress vanishes and the corresponding graphs
coincide with the dashed lines in figure 3 for the energy density.
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Figure 3: The components of the vacuum energy-momentum tensor on the tube, versus the distance
from the boundary, for conformally (left panel) and minimally (right panel) coupled scalar fields.
The numbers near the curves are the values of the index l. The dashed lines are the corresponding
components for an infinite tube. The graphs are plotted for ma = 1/2.
5.2 Energy-momentum tensor on the cap
Now let us consider the energy-momentum tensor on the hemisphere cap, 0 6 θ < π/2. By using
the formula (5.1), after long calculations, the corresponding nonzero components are expressed in the
13
form
〈T ll 〉 = 〈T ll 〉S2 +
a−3
4π
∞∑′
n=0
∫ ∞
ma
dy
ygn(y)√
y2 −m2a2
G
(l)
n (z(y), cos θ)
cosh[πz(y)]
, (5.12)
where 〈T ll 〉S2 is the renormalized VEV on a 2-dimensional sphere. The functions in the integrand of
(5.12) for separate components are defined by the expressions (with no summation over l)
G(0)n (x, u) = (4ξ − 1)
{
(1− u2)[P−n′ix−1/2(u)]2
+
(
x2 − 3
4
+
n2
1− u2 +
x2 −m2a2 − 1/4
2ξ − 1/2
)
[P−nix−1/2(u)]
2
}
,
G(1)n (x, u) = (1− u2)[P−n′ix−1/2(u)]2 − 2ξu∂u[P−nix−1/2(u)]2
−
(
1
4
− 2ξ + x2 + n
2
1− u2
)
[P−nix−1/2(u)]
2,
G(2)n (x, u) = (4ξ − 1) (1− u2)[P−n′ix−1/2(u)]2 + 2ξu∂u[P−nix−1/2(u)]2
+
[
(4ξ − 1)
(
1
4
+ x2
)
+ n2
4ξ + 1
1− u2 + 2ξ
]
[P−nix−1/2(u)]
2, (5.13)
where P−n′ix−1/2(u) = ∂uP
−n
ix−1/2(u) and we have used the differential equation for the associated Legendre
function to exclude the second derivative of this function. By using the equation for the function
Pnix−1/2(u), the following relation can be proved:(
1− u2)∂uG(1)n (x, u) = u[G(1)n (x, u)−G(2)n (x, u)]. (5.14)
The second term in the rhs of (5.12) is induced by the cylindrical geometry. For points outside
the boundary, θ < π/2, the renormalization is required for the part 〈T ll 〉S2 only. The corresponding
procedure is described in appendix B and the renormalized energy density and stresses are given by
the expressions (B.12) and (B.14). The special case of a conformally coupled field has been discussed
in [16].
At θ = 0 the only nonzero contribution to the tube-induced part in (5.12) comes from the terms
n = 0 and n = 1. By using the expressions for the function P−nix−1/2(u) at u = 1 it can be seen that
the stresses are isotropic at θ = 0: 〈T 11 〉 = 〈T 22 〉.
We can check that the tube-induced part in (5.12) obeys the trace relation (5.8). In particular,
for a conformally coupled massless field the vacuum energy-momentum tensor id traceless. As is well-
known, in odd spacetime dimensions the trace anomaly is absent. As an additional check, we can see
that the tube-induced contribution to the VEV of the energy-momentum tensor obeys the covariant
conservation equation ∇k〈T ki 〉 = 0. On the cap it is reduced to a single equation
∂θ〈T 11 〉+ cot θ
(〈T 11 〉 − 〈T 22 〉) = 0. (5.15)
The validity of this equation for the tube-induced part is directly obtained by using the relation (5.14).
Now let us consider the asymptotic behavior of the tube-induced contribution in (5.12) near the
boundary θ = π/2. The energy density and the stress 〈T 22 〉 diverge on the boundary. For points close
to the boundary the dominant contribution in the tube-induced part is given by large values of n and
y. Introducing a new integration variable x = y/n, we use the uniform asymptotic expansions for
the associated Legendre function and its derivative [30]. For |u| ≪ 1 the leading term is given by the
expression
P−niz(nx)−1/2(u) ∼
en−n lnn√
2πn
en(x arctan x−u
√
1+x2)
(1 + x2)n/2+1/4
, (5.16)
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and for the derivative one has P−n′iz(nx)−1/2(u) ∼ −n
√
1 + x2P−niz(nx)−1/2(u). By using the asymptotic
formula for the gamma function and the relation (4.3), we can also see that
gn(nx) ≈
(
1 + x2
)n−2 e−2n+2n lnn+pinx
8n2e2nx arctan x
× [(1 + x2) (1− 4ξ)− 1] . (5.17)
Substituting (5.16) and (5.17) into the tube-induced part in (5.12) we get (no summation over l)
〈T ll 〉 ≈ −
2ξ (4ξ − 1) + (l + 1)/16
16π(π − 2θ)a3 , (5.18)
where l = 0, 2. As is seen, the leading terms in the asymptotic expansions for the energy density
and the stress 〈T 22 〉 on the cup and on the tube, as functions of 2θ − π, coincide. For the stress 〈T 11 〉
the leading term in the asymptotic expansion vanishes. For this component it is more convenient
to use the equation (5.15) and (5.18). From the latter we see that the stress 〈T 11 〉 is finite on the
boundary. By using the asymptotic expressions (5.18) and the conservation equation (5.15), for the
normal derivative of the radial stress at the boundary one has
∂θT
1
1 |θ=pi/2−0 = −
2ξ (4ξ − 1) + 3/16
32πa3
. (5.19)
As will be seen below, the 11-stress is continuous at the boundary. By taking into account that
∂θT
1
1 |θ=pi/2+0 = 0, we see that its normal derivative has discontinuity.
Figure 4 presents the components of the vacuum energy-momentum tensor (the numbers near the
graphs correspond to the values of the index l) on the hemisphere cap as functions of the angle θ. The
dashed curves present the same quantities for the background geometry S2. The left and right panels
correspond to conformally and minimally coupled scalar fields, respectively. As before, the graphs are
plotted for ma = 1/2. For a conformally coupled field, the tube-induced part of the energy density
is positive and the 22-stress is negative. For a minimally coupled field, the tube induced contributions
are negative.
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Figure 4: The vacuum energy density and stresses on the hemispherical cap as functions of θ for
conformally (right panel) and minimally (right panel) coupled fields. The numbers near the curves
are the values of the index l. The dashed lines correspond to the vacuum densities on S2. The graphs
are plotted for ma = 1/2.
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5.3 The Casimir force
The Casimir force acting per unit length of the boundary θ = π/2 (the Casimir pressure) is determined
by the normal stress evaluated at the boundary:
p = −〈T 11 〉θ=pi/2. (5.20)
For the side of the boundary corresponding to the tube, θ = π/2 + 0, the cap-induced part in the
normal stress vanishes and the Casimir pressure is directly obtained from (5.4):
p+ =
Li3(e
−mL) +mLLi2(e−mL)
2πL3
. (5.21)
This pressure is positive and the corresponding force is directed to the direction of the cap. For a
massless field
p+ = p0 =
ζ(3)
2πL3
≈ 0.1913
L3
. (5.22)
The pressure from the cap side is determined from (5.12) with l = 1 evaluated at θ = π/2− 0. It
is expresses in the decomposed form
p− = pS2 + pind, (5.23)
where pS2 = −〈T 11 〉S2 and the part
pind =
a−3
4π2
∞∑′
n=0
∫ ∞
ma
dy
y√
y2 −m2a2
×
[
√
y2 + n2/P−n′iz(y)−1/2 + 1/P
−n
iz(y)−1/2]
2
Γ(n+ iz(y) + 1/2)Γ(n − iz(y) + 1/2) , (5.24)
is induced by the geometry of the tube. In deriving this formula we have used the expressions (2.17)
and the relation (2.25). The numerical calculations show that the Casimir pressures from different
sides of the boundary are equal to each other, i.e., p+ = p−, and, hence, the net Casimir force on the
boundary vanishes. This is related to the smooth transition between two subspaces and to the fact
that the extrinsic curvature tensor of the separating boundary vanishes for both sides.
In figure 5, for a conformally coupled scalar field, we have plotted the ratio of the Casimir pressure
p = p− = p+ to p0, defined by (5.22), as a function of ma. We have also presented the parts
corresponding to the separate terms in the rhs of (5.23). The dot-dashed curve corresponds to the
ratio pS2/p0 (the part corresponding to the pressure in the geometry of S
2) and the dashed curve
corresponds to the ratio for the tube-induced part, pind/p0. Note that for large values of the mass, the
decay of the separate terms in the rhs of (5.23), as functions of ma, is as power-law, whereas the total
pressure decays exponentially. The latter follows from the equality p+ = p− and from the exponential
decay of p+ for large masses.
6 Conclusion
In the present paper we have considered the properties of the quantum vacuum for a (2+1)-dimensional
scalar field in a background geometry of a cylindrical tube with a hemispherical cap. In this geometry
one has two spatial regions with different geometrical characteristics separated by a circular boundary.
Our main interest was to investigate the changes in the local characteristics of the vacuum induced
by the geometry of the attached region. In free field theories with only interaction of the background
gravitational field, all the information about the properties of the vacuum state is encoded in two-point
functions. As such we have evaluated the positive frequency Wightman function by using the direct
summation method over a complete set of modes. In the problem under consideration the metric tensor
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Figure 5: The ratio of the Casimir pressure on the separating boundary to the corresponding pressure
for a massless field, as a function of ma. The dot-dashed curve corresponds to the ratio pS2/p0 and
the dashed curve is for pind/p0.
and its first derivatives are continuous at the separating boundary and, as a consequence, the mode
functions and their normal derivatives are continuous as well. For continuous energy spectrum these
functions in separate regions are given by (2.20) and (2.21) with the relations (2.14) and (2.15) between
the constants. In addition, for negative values of the curvature coupling parameter ξ there are bound
states. In both the cylindrical and hemispherical subspaces, we explicitly separated the contributions
in the Wightman function induced by the geometry of the attached region. These contributions are
given by the second term in the rhs of (3.5) for points on the tube and by the second term in the
rhs of (3.13) for the hemispherical cap. With this separation, the renormalization of the VEVs in the
coincidence limit is reduced to that for an infinite cylinder and for two-dimensional sphere S2.
As an important local characteristic of the vacuum state, in section 4 we have studied the VEV
of the field squared. On the tube this VEV is given by (4.1), where the second term in the rhs is the
contribution induced by the hemispherical cap. Unlike to the case of a semi-infinite tube with Dirichlet
or Neumann boundary conditions on its edge, where the mean field squared diverges on the boundary,
in the problem at hand the VEV of the field squared is finite everywhere. At large distances from the
separating boundary and for a massive field, the contribution in the mean field squared induced by
the cap is exponentially small (see (4.4)) and the total VEV is dominated by the part corresponding
to an infinite tube. The latter is positive everywhere. For points on the hemispherical cap the
VEV of the field squared is presented in the decomposed form (4.6). The tube-induced part, given
by the second term in the rhs, is finite everywhere including the points on the boundary. Though
the Wightman function is continuous at the separating circle, the renormalized VEV of the field
squared has discontinuity. This is related to the fact that in the renormalization procedure for tubular
and hemispherical geometries different terms are subtracted. On the hemisphere, in addition to the
Minkowskian term, we have also subtracted a finite renormalization term (see appendix A). In the
minimal subtraction scheme, where the only Minkowskian part is subtracted for both regions, the
mean field squared is continuous at the boundary. In the numerical examples, we have considered the
most important special cases of minimally and conformally coupled scalar fields. For both these cases
the cap-induced contributions in the VEV of the field squared on the tube are positive, whereas the
tube-induced contributions on the cap are negative.
Another important characteristic of the ground state is the VEV of the energy-momentum tensor.
This VEV is diagonal and obeys the trace relation (5.8). On the tube the vacuum energy-momentum
tensor is given by the expression (5.2) with the infinite tube part from (5.4). The cap-induced part
in the vacuum stress normal to the boundary vanishes. The energy density and the parallel stress
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diverge on the boundary. The leading terms in the corresponding asymptotic expansion over the
distance from the boundary are given by (5.9). In the geometry of a semi-infinite tube with Dirichlet
or Neumann boundary conditions on the edge, the divergences are stronger, the VEVs diverge as the
inverse cube of the distance from the edge. At large distances from the boundary and for a massive
field, the cup-induced contribution in the energy-momentum tensor is exponentially small, whereas
for a massless field it decays as the inverse square of the distance. For numerical examples displayed
in figure 3, the cup-induced contribution to the energy density is positive for both conformally and
minimally coupled field. The corresponding parallel stress is negative for a conformally coupled field
and positive for a minimally coupled field.
The vacuum energy-momentum tensor on the cap is decomposed as (5.12), where the components
for the part corresponding to S2 are given by (B.12) and (B.14). We have explicitly checked that the
VEV obeys the covariant conservation equation, which for the geometry of the cup is reduced to the
relation (5.15). The energy density and the parallel stress diverge on the separating circle and the
expression for the corresponding leading terms in the asymptotic expansion over θ−π/2 coincide with
those on the tube. On the cap and on the tube these components have opposite signs. The normal
stress is finite everywhere. It determines the Casimir force acting on the boundary. From the sides
of the tube and of the cap the vacuum pressures on the boundary are given by the expressions (5.21)
and (5.23) respectively. We have checked numerically that these pressures coincide and, hence, the
net Casimir force on the boundary is zero.
The results obtained above may be applied to carbon nanotubes with half fullerene caps, de-
scribed in the long-wavelength approximation by an effective field theory. As has been mentioned in
Introduction, the latter, in addition to Dirac fermions, involves scalar and gauge fields as well.
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A Proof of the identity with Legendre functions
In this appendix we prove the identity which is used in section 3 for the decomposition of the Wightman
function on the hemispherical cap. Let us define the function
Rµλ−1/2(u) = Q
µ
−λ−1/2(u) cos[π(µ − λ)] +Qµλ−1/2(u) cos[π(µ + λ)], (A.1)
where u = cos θ and Qµλ−1/2(u) is the associated Legendre function of the second kind. By using the
relation [25]
Qµ−λ−1/2(u) cos[π(µ− λ)] = Qµλ−1/2(u) cos[π(µ+ λ)] + π cos(µπ) sin(λπ)Pµλ−1/2(u), (A.2)
the function (A.1) can also be expressed as a linear combination of the functions Pµλ−1/2(u) and
Qµλ−1/2(u). Next, we introduce the notations
P¯±,µλ−1/2(u) = ∂θP
µ
λ−1/2(u)∓ ipPµλ−1/2(u),
R¯±,µλ−1/2(u) = ∂θR
µ
λ−1/2(u)∓ ipRµλ−1/2(u). (A.3)
We want to prove the identity
cos[π(µ + λ)]
P¯+,µλ−1/2(u)P¯
−,µ
λ−1/2(u)
= i
sin θ
4p
Γ(λ− µ+ 1/2)
Γ(λ+ µ+ 1/2)
∑
j=+,−
j
R¯j,µλ−1/2(u)
P¯ j,µλ−1/2(u)
. (A.4)
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For the sum in the rhs of (A.4) one has
∑
j=+,−
j
R¯j,µ
λ−1/2(u)
P¯ j,µλ−1/2(u)
= −2ip
Rµ
λ−1/2(u)∂θP
µ
λ−1/2(u)− P
µ
λ−1/2(u)∂θR
µ
λ−1/2(u)
P¯+,µλ−1/2(u)P¯
−,µ
λ−1/2(u)
. (A.5)
By using the Wronskian for the associated Legendre functions we can see that
Qµλ−1/2(u)∂θP
µ
λ−1/2(u)− Pµλ−1/2(u)∂θQµλ−1/2(u) =
Γ(λ+ µ+ 1/2)
sin θΓ(λ− µ+ 1/2) . (A.6)
Combining this with the relation (A.2), for the numerator in (A.5) we get
Rµλ−1/2(u)∂θP
µ
λ−1/2(u)− Pµλ−1/2(u)∂θRµλ−1/2(u) =
2Γ(λ+ µ+ 1/2)
sin θΓ(λ− µ+ 1/2) cos[π(µ + λ)]. (A.7)
The identity (A.4) directly follows from (A.5) and (A.7).
For µ = −n from (A.4) one has
1
P¯+,−nλ−1/2(u)P¯
−,−n
λ−1/2(u)
= i
sin θ
4p
Γ(λ+ n+ 1/2)
Γ(λ− n+ 1/2)
∑
j=+,−
j
S¯j,−nλ−1/2(u)
P¯ j,−nλ−1/2(u)
, (A.8)
where we have defined a new function
S−nλ−1/2(u) = Q
−n
λ−1/2(u) +Q
−n
−λ−1/2(u), (A.9)
and, similar to (A.3),
S¯±,µλ−1/2(u) = ∂θS
µ
λ−1/2(u)∓ ipSµλ−1/2(u). (A.10)
Note that, by using the relation (A.2), the function (A.9) can also be written in the form
S−nλ−1/2(x) = 2Q
−n
λ−1/2(u) + π tan(λπ)P
−n
λ−1/2(u). (A.11)
By making use of the trigonometric expansions of the functions P−nλ−1/2(u) and Q
−n
λ−1/2(u) [25], the
following expansion is obtained for the function (A.9):
S−nλ−1/2(u) =
21−n
sinn θ
√
πΓ(λ− n+ 1/2)
Γ(λ+ 1) cos(λπ)
∞∑
l=0
(1/2 − n)l(λ− n+ 1/2)l
l!(λ+ 1)l
× cos [(2l − n+ 1/2) θ − λ (π − θ)] , (A.12)
where (b)l is Pochhammer’s symbol, u = cos θ and 0 < θ < π. From here it follows that in the complex
plane λ the function S−nλ−1/2(u) decays exponentially in the limit |Imλ| → ∞. Note that in the same
limit the function P−nλ−1/2(u) increases exponentially.
B Casimir densities on S2
In this appendix we consider the vacuum densities for a scalar field on S2 (for the Casimir energy in
spherical universes see [31] and references therein). The corresponding vacuum energy and stresses
for a conformally coupled field have been investigated in [16]. The mode functions on S2, regular for
0 6 θ < π, have the form (2.20). From the regularity of these functions at θ = π it follows that
λ− 1/2 = l with l = |n|, |n|+1, . . .. Hence, the modes are specified by the set σ = (l, n) and have the
form
ϕσ(x) = C0sP
−|n|
l (cos θ)e
inφ−iωlt, 0 6 θ 6 π, (B.1)
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where |n| 6 l, l = 0, 1, 2, . . ., and the energy ωl is given by the expression (3.16). From the normaliza-
tion condition one gets
|C0s|2 = l + 1/2
4πa2ωl
Γ(l + |n|+ 1)
Γ(l − |n|+ 1) . (B.2)
Substituting the functions (B.1) into the mode-sum, after the summation over n by using (3.14), we
obtain the expression (3.15) for the Wightman function on S2. Note that the latter obeys the relation
∂a[a
3 lim
t′→t
∂t′∂tWS2(x, x
′)] = m2a2 lim
t′→t
WS2(x, x
′). (B.3)
As will be seen below, this leads to the relation between the vacuum energy and the VEV of the field
squared.
For the VEV of the field squared we find
〈ϕ2〉S2 =
a−2
4π
∞∑
l=0
l + 1/2
ωl
. (B.4)
Of course this expression is divergent and needs to be renormalized. Here we note that in (2 +
1)-dimensions the divergence of the Wightman function in the coincidence limit is the same as in
Minkowski spacetime. Hence, the subtraction of the Minkowskian part from (B.4) gives a finite result.
The unrenormalized VEV of the field squared in the Minkowski spacetime is given by the expression
〈ϕ2〉M = 1
4π
∫ ∞
0
dx
x√
x2 +m2
. (B.5)
However, in the renormalization procedure, we need also to subtract the next to the leading term in
DeWitt-Schwinger expansion.
First we assume that m2a2 + 2ξ > 1/4. In this case, applying the Abel-Plana summation formula
in the form [16, 26]
∞∑
l=0
f(l + 1/2) =
∫ ∞
0
dx f(x)− i
∫ ∞
0
dx
f(ix)− f(−ix)
e2pix + 1
, (B.6)
and subtracting the first two terms of DeWitt-Schwinger expansion, from (B.4) for the renormalized
VEV of the field squared we get
〈ϕ2〉S2 =
m
4π
[
1 +
ξ − 1/6
m2a2
− bm + 2bm
∫ 1
0
dx
x(1− x2)−1/2
e2piωmx + 1
]
, (B.7)
with the notation bm = ωm/(ma). The second term in the square brackets of (B.7) comes from the
next to the leading term in DeWitt-Schwinger expansion. For large masses, ma≫ 1, one has
〈ϕ2〉S2 ≈
m−3
29πa4
[
7
15
+ (8ξ − 1)2
]
, (B.8)
and the VEV decays as m−3.
The VEV of the energy-momentum tensor is evaluated by using the formula (5.1) with the Wight-
man function from (3.15). For the unrenormalized energy density we get
〈T 00 〉S2 =
a−3
4π
∞∑
l=0
(l + 1/2)
√
(l + 1/2)2 + ω2m, (B.9)
and for the stresses one has the relation
〈T 11 〉S2 = 〈T 22 〉S2 = −
1
2
〈T 00 〉S2 +
1
2
m2〈ϕ2〉S2 . (B.10)
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Note that the VEVs obey the trace relation (5.8). For the renormalization we need to subtract from
the VEVs the corresponding DeWitt-Schwinger expansion truncated at the adiabatic order 3.
An alternative way is to use the relation ∂a
(
a3〈T 00 〉S2
)
= m2a2〈ϕ2〉S2 , which directly follows from
(B.3). From this relation for the renormalized VEV of the energy density we get
〈T 00 〉S2 =
m2
a3
∫
da a2〈ϕ2〉S2 . (B.11)
By taking into account the expression (B.7), one finds
〈T 00 〉S2 =
m3
4π
(
1
3
+
ξ − 1/6
m2a2
− b
3
m
3
+ 2b3m
∫ 1
0
dx
x
√
1− x2
e2piωmx + 1
)
. (B.12)
For large values of the mass we have the leading term
〈T 00 〉S2 ≈ −
a−4
8πm
[
7
960
+
(
ξ − 1
8
)(
ξ − 5
24
)]
, (B.13)
and the renormalized VEV vanishes in the limit m → ∞. Note that the relation (B.11) determines
the renormalized energy density up to the term C(m)/a3, where the function C(m) is dimensionless.
By taking into account that the only dimensionful quantity to form this function is the mass m,
we conclude that C(m) does not depend on m. Now, imposing the renormalization condition (for a
discussion of this condition see [16]) 〈T 00 〉S2 → 0 in the limit m → ∞, we see that C(m) = 0. The
stresses are found from the relation (B.10):
〈T 11 〉S2 =
m3
8π
{
2b3m
∫ 1
0
dx
x3/
√
1− x2
e2piωmx + 1
− (bm − 1)
×
[
2
3
+ bm (bm + 1)
(
2
∫ 1
0
dx
x/
√
1− x2
e2piωmx + 1
− 1
3
)]}
. (B.14)
In the limit of large masses, to the leading order one has 〈T 11 〉S2 ≈ −〈T 00 〉S2 with the asymptotic
expression for the energy density given by (B.13). For a conformally coupled scalar field bm = 1 and
(B.14) reduces to the expression given in [16]. In the same limit, (B.12) reduces to the corresponding
result in [16] up to a finite renormalization term −m/(96a2). Note that without this term the renor-
malized energy density does not vanish in the limit m → ∞. For both minimally and conformally
coupled fields the energy density (B.12) is negative and the stress (B.14) is positive. For a massless
conformally coupled field the VEV 〈T ki 〉S2 vanishes.
The combination of (B.10) and (B.11), leads to the relation
〈T 11 〉S2 = ∂V ES2 , (B.15)
where V = 4πa2 is the volume of the space and ES2 = V 〈T 00 〉S2 is the total vacuum energy. This is
the standard thermodynamical relation between the energy and the pressure.
Now let us consider the case m2a2 + 2ξ 6 1/4. In this case the function f(x), corresponding to
(B.4), has a branch point in the right half-plane and the formula (B.6) needs a generalization. As the
starting point we us the Abel-Plana formula in its initial form (see, for instance, [16, 26]) for series∑∞
l=0 f(l). Taking f(x) = g(x)/
√
x2 − x20, by the transformation of the integration contour in the rhs,
the following formula can be obtained
∞∑
l=0
g(l + 1/2)√
(l + 1/2)2 − x20
=
∫ ∞
x0
dx
g(x)√
x2 − x20
+
∫ x0
0
dx
tan(πx)√
x20 − x2
g(x)
−
∫ ∞
0
dx
g(ix) + g(−ix)√
x2 + x20(e
2pix + 1)
, (B.16)
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for x0 < 1/2 and for a function g(x) analytic in the right half-plane. Note that for the series in (B.4)
one has g(x) = x and the last integral in (B.16) vanishes.
Further evaluation of the renormalized VEVs is similar to that we have described above for the
case m2a2 + 2ξ > 1/4. Applying to the series in (B.4) the formula (B.16) with x20 = −ω2m > 0, after
the renormalization, for the VEV of the field squared one gets
〈ϕ2〉S2 =
m
4π
[
1 +
ξ − 1/6
m2a2
+
|ωm|
ma
∫ 1
0
dy tan(π|ωm|
√
1− y2)
]
. (B.17)
The VEV of the energy density is found from (B.11). This leads to the expression
〈T 00 〉S2 =
m3
4π
[
1
3
+
ξ − 1/6
m2a2
− |ωm|
3
m3a3
∫ 1
0
dy y2 tan(π|ωm|
√
1− y2)
]
. (B.18)
The integration constant is determined from the continuity of the energy density at ωm = 0. The
stresses are obtained by making use of the relation (B.10).
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